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The rheology of pressure-driven flows of two-dimensional dense monodisperse emulsions in microchannels is investigated by means of mesoscopic lattice simulations, capable of handling large collections of droplets, in the order of several hundreds. The simulations reveal that the fluidization of the emulsion proceeds through a sequence of discrete steps, characterized by yielding events whereby layers of droplets start rolling over each other, thus leading to sudden drops of the effective viscosity. It is shown that such discrete fluidization is robust against loss of confinement, namely it persists also in regime of small ratios of the droplet diameter over the microchannel width. We also develop a simple phenomenological model which predicts a linear relation between the effective viscosity of the emulsion and the product of the confinement parameter (global size of the device over droplet radius) and the viscosity ratio between the disperse and continuum phases. The model shows excellent agreement with the numerical simulations.
Dense emulsions and suspensions of soft particles are widespread in natural as well as engineering applications, ranging from biofluids and food to pharmaceutical and cosmetic industrial processes [1, 2] . A deeper understanding of the basic rheology of these soft glassy materials (SGMs) is therefore beneficial to the advancement of many fields of science and technology [3, 4] .
The flow characteristics of these systems depend, often in a not trivial way, on many parameters, such as volume fraction, interfacial properties, deformability of the elementary, constituents, confinement, etc. Consequently, depending on the load conditions, SGMs display a variety of non-Newtonian features like yielding, shear thinning/thickening, rheopexy and thixotropy that make their rheology an outstanding open issue in non-equilibrium statistical physics [1] . In particular a fundamental and yet unsolved problem is the relation between the material microstructure (and its transformations under an imposed load) and the material rheological response. The shear rheology of a wide class of SGMs [5] [6] [7] can be described by the Herschel-Bulkley relation [8] between the applied stress σ and the responsive shear rateγ,
In Eq. (1), σ Y is the yield stress, below which the material does not flow, instead it reacts elastically (showing solidlike behaviour) to the imposed load; for σ > σ Y the material flows, in general with a non-Newtonian constitutive law characterized by the two phenomenological parameters K (the consistency factor) and c (the flow index) that depend on the detailed microstructure of the material [2] . For c < 1 the material is said to be shear-thinning, whereas c > 1 corresponds to shear-thickening. For dense suspensions of solid particles the phenomenology can be even richer: a number of rheometric studies, provided evidence of flow curve hysteresis and a discontinuous shear-thickening [9] [10] [11] [12] (see also [13] and references therein). On the other hand, discontinuous shear-thinning has remained so far more elusive. Chen and Zukoski [14] observed, in constant-stress rheometry of concentrated suspensions with crystalline order, and well beyond yield, that a critical stress exists at which the power law index of the flow curve changes. Similar results have been obtained in numerical simulations of adhesive dispersions of soft disks [15] . It must be stressed, though, that the occurrence of such discontinuous shear-thinning/thickening behaviours can be assessed in shear rheometry, where the shear stress is homogeneous across the sample, and for values of the applied load above the yield stress, but not in microchannel flows, unlike what was recently proposed in [16] . When a pressure difference is imposed along a microchannel, the shear stress varies linearly from wall to wall, being zero in the center; consequently, if the material develops a non-vanishing yield stress σ Y , there will always be a region, in the middle of the channel, where the emulsion is below yield and must be expected to move as a plug. In such a setup, the way a soft-glassy material fluidizes, i.e. the plug-to-fluid flow transition, still lacks a full understanding. As we mentioned, the microstructure in which the meso-constituents (droplets in the case of emulsions) are arranged is known to play a determining role; two structural indicators are crucial in this respect, namely the polydispersity, that measures the statistical distribution of sizes of the meso-constituents, and the degree of order in their spatial arrangement (crystalline vs amorphous) [17] [18] [19] .
In this Communication, we consider perfectly monodisperse dense emulsions in two spatial dimensions (2D), with crystalline order, confined in microchannels and driven by a pressure gradient. It is worth emphasizing that the experimental realization of such a system is not trivial at all, and very difficult with standard methods, for rheological applications, based on stirring. Nevertheless, in recent years much effort has been devoted to the development of microfluidic techniques that allow to pack highly regular dispersions of droplets, the so called soft-flowing crystals, namely a flowing collection of liquid droplets, characterized by a highly ordered, crystal-like, spatial structure [20] [21] [22] [23] [24] . The droplets are packed at the jamming volume fraction, such that the emulsion behaves as an elastic solid for vanishingly low applied loads. We focus, then, on the fluidization of the material and find that the latter takes place as a discontinuous process, characterized by successive local yielding events, where layers of droplets, starting from those closer to the boundaries, are more and more deformed and roll over each other. Scanning the imposed forcing, we observe that these events cause sudden drops of the effective viscosity between from one plateau to another; the effective viscosity is, therefore, "quantized", in the sense that it takes values only over a discrete set. The first and largest jump (detected also in [16] ) occurs for a critical pressure difference, which we find to be such that the wall stress equals the yield , instress of the material. We show, moreover, that the value of the effective viscosity in the plug state depends, in a way that we characterise quantitatively, on the viscosity ratio and confinement parameter.
We perform numerical simulations based on a two-species lattice Boltzmann (LB) model, with suitable pseudopotential interactions. Recently, the LB method has become a very efficient and powerful simulation method for complex flows [25] [26] [27] [28] [29] [30] [31] [32] [33] . The LB equation takes the form [34] [35] [36] [37] :
where f k,i is the probability of finding a particle of species k (k = 1, 2) at the space-time point (x, t), moving along the i th direction e i of a regular lattice. The right-hand side, computed at (x, t), represents the time relation towards local equilibrium f eq k,i on a time scale τ k and F k,i is a forcing term incorporating the effects of all forces acting upon the two-species suspension described by Eq. (2). The total force imposed on each species is
k is the body force, and F r k is the short range repulsive force between species promoting a positive surface tension [38] . The third term F c k encodes the competition between short range attraction and mid-range repulsion within each species [39] , in which two parameters G k,1 and G k,2 are introduced to tune the strengths of the two interactions, respectively. We wish to point out that the present model has proved fairly successful in reproducing many features of soft flowing systems, such as structural frustration, aging, elastoplastic rheology, in confined and unbounded flows [19, [40] [41] [42] . The novelty of our improved numerical model, recently proposed in [43] , resides in a number of original features which prove key to probing the high packing regime typical of dense emulsions, in particular: (i) the emergence of a positive disjoining pressure between close-contact interfaces, which stabilizes the thin films between colliding droplets and prevents their coalescence, (ii) the possibility to tune the dynamic viscosity ratio between the two species, independently on surface tension and disjoining pressure, within a moderate range. More details on the numerical scheme can be found in [43] .
We prepare the monodisperse soft suspensions by packing equal sized droplets, of radius R = 18 lattice units, in a 2D microchannel, with the length and width varied in the range L ∈ [200, 800] and H ∈ [201, 804], respectively; no-slip boundary conditions for the velocity and neutral wetting conditions for the two fluids (contact angle of 90 • ) are imposed on both walls. Large values of L × H, with up to ≈ 500 droplets, are necessary to verify that the discontinuous rheological response is not an artifact due to small sizes, and let us unravel the impact of confinement. We would like to stress that such sizes would be computationally unfeasible with other LB methods where coalescence is prevented by introducing a distinct species for each droplet [16] .
We introduce the two non-dimensional parameters that play a key role in the dynamics: the confinement parameter ξ = H/R, where R is the droplet radius (large ξ means low confinement and viceversa), and the viscosity ratio χ = µ D /µ C , where µ D and µ C are the dynamic viscosity of the droplets and continuous phase, respectively. The pressure difference ∆p between inlet and outlet is imposed via a homogeneous body force ∆p/L; the lattice interaction parameters are tuned to realize a surface tension γ, such that the corresponding Laplace pressure for droplets is p L ≡ γ/R ≈ 10 −3 (LB units) and to achieve a positive disjoining pressure, sufficient to prevent droplet coalescence [40, 43] . We performed a set of runs spanning the two-dimensional parameter space (ξ, χ), at effective volume fraction of the dispersed phase Φ ≈ 0.9 [44, 45] .
In Fig. 1 [(a) Fig. 1c , with blue/red lines standing for low/high pressure gradients, respectively. In both cases the profiles flatten (as compared to the parabolic profile expected for a Poiseuille flow in a simple liquid), signalling that a portion of bulk remains below yield. However, while for the lower forcing this region extends over the whole volume, such that the material moves coherently as a solid block (a "plug"), for the higher forcing the droplets in the two layers next to the walls are more deformed and the droplets in the next-to-nearest layers roll over those in direct contact with the wall periodically: in other words, the emulsion starts to be "fluidized" (see Movie 2 [46] ). This is confirmed in the inset of the same figure, where we plot the velocities of the first two layers of droplets (counting from the bottom wall), called u 1 and u 2 : in the plug state these two values coincide (no deformation within the material, as it would be for a solid), whereas, at increasing the pressure difference, they bifurcate, with u 2 > u 1 and periodic velocity oscillations.
One may wonder whether other activation events of this kind will involve more and more droplet layers, for larger and larger imposed pressure gradients. This is, indeed, what happens, as we can grasp from the main panel of Fig.  2 , by inspection of the velocity profiles (same system as in Fig. 1 , i.e. with χ = 4 and ξ = 44.7), where, by second and third fluidization, we mean the activation of the third and fourth droplet layers (and the symmetric ones on the top wall side) that extends the region of shear localization towards the bulk.
To characterize the different flow regimes, at changing the imposed pressure drop, we define the relative effective viscosity, µ r = Q 0 /Q [47] , where Q 0 is the flow rate for the pure continuous phase for a given ∆p and Q = H 0ū (y)dy is the emulsion flow rate. The dependence of µ r on ∆p for various viscosity ratios and confinement parameters is shown in Fig. 3 : for fixed confinement and varying viscosity ratio (3(a), ξ = 11.2, and 3(b), ξ = 44.7), and for fixed viscosity ratio and varying confinement (3(c), χ = 0.5, and 3(d), χ = 4), respectively. In every data set, we observe an initial steep decrease of µ r for very low pressure differences (∆p 10 −3 , not shown in the figure), followed by a clear-cut step-wise behaviour: µ r is roughly constant, µ r ≈ µ P r (the superscript P standing for "plug state"), over a certain range of ∆p values, and then suddenly jumps to a lower plateau µ F r ("fluidized state"), as the pressure difference is increased beyond a "critical" threshold ∆p c . The applied pressure drops (on the x-axis) are made dimensionless, hereafter, as follows:
where the latter expression represents the ratio between the wall stress and the Laplace pressure of the droplets.
As ∆p is increased further (see inset of figure 2), the effective viscosity develops two additional jumps (highlighted by arrows), and related after-jump plateaux. Essentially, the material responds elastically to the increasing applied load (whence the µ r -plateaux), up to a point where the stress cannot be sustained any more and the system yields (corresponding to the µ r -jumps), with successive boundary trains of droplets that start to roll over each other (see Movies 3 and 4 [46] ). This phenomenology is what we dub discontinuous fluidization, with an accompanying discrete effective viscosity. Let us underline that jumps at higher ∆p are smaller and smaller, suggesting that the fluidization process is recovering continuity and eventually the material starts flowing as a viscous, non-Newtonian, fluid. In order to address the confinement and viscosity ratio dependence of the rheological response more quantitatively, we focus next on the value of µ r at the first plateau, the plug effective viscosity µ P r . In the inset of Fig. 3(a averaged over the low ∆p plateau, as a function of the viscosity ratio χ, finding a linear scaling, µ P r ∝ χ, highlighted by the dashed line. This growth of the plug effective viscosity with χ is a consequence of the lower deformability of droplets, as their intrinsic viscosity exceeds that of the continuous phase. The linear scaling, which is less obvious and to which we will return shortly, is preserved also for larger system sizes (inset of Fig. 3(b) ), albeit with a larger prefactor. Analogous plots, showing the effective plug viscosity as a function of the confinement parameter ξ, for two different viscosity ratios, are reported in the insets of Figs. 3(c-d) . In either case, µ P r increases linearly with ξ, µ P r ∝ ξ, with a χ-dependent prefactor. The discontinuity in the µ r vs ∆p curve, instead, coincides for all ξ's, upon the proper rescaling Eq. (3), at roughly the same critical pressure drop ∆p ≈ 0.1. Remarkably, the latter condition is equivalent to
where σ w is the wall stress. The expression at the rightmost hand side is comparable with the theoretical value, obtained by Princen [48] , of the yield stress of a perfectly monodisperse two-dimensional, highly concentrated emulsion, at a volume fraction Φ ≈ 0.9. These considerations suggest that the fluidization transition occurs when the imposed pressure difference is such that σ w ∼ σ Y , i.e. when the maximum imposed stress across the material equals its yield value, lending further weigth to the idea that the origin of the discontinuity can be ascribed to local yielding events. We now proceed to rationalize the results on the plug viscosity under the light of simple phenomenological arguments grounded on mechanical considerations. Let us first notice that, since in the plug state the whole material moves as a solid, the mass flux is Q P ≈ U H, where U is the travelling speed shared by all droplet layers and whose value is dictated by the sliding velocity of the droplets on the walls, that we need to evaluate. To this purpose, we recall that, when a pressure gradient ∆p/L is applied to a continuum system limited by solid walls (at a distance H far apart), the force balance provides a wall stress σ w = ∆pH/(2L). A droplet in contact with the wall will be, then, subjected to a force F ∝ ∆pHR/(2L), delivering a power input P in ∝ ∆pHRU/(2L); such input has to be balanced by the total dissipated power P diss inside the droplet, which can be estimated as the product of the viscous dissipation rate per unit volume ε µ D ≈ µ D (U/R) 2 and the droplet "volume" , ∝ R 2 i.e. [49, 50] :
Although this estimate and the one for the force acting on a droplet are for a 2D system, it is easy to notice that the scaling relation for U remains the same in 3D.
Solving the balance equation P in = P diss for U yields: U ∼ [∆p/(2L)]HR/µ D , delivering for the mass flux, Q P ≈ U H ∼ [∆p/(2L)]RH 2 /µ D . Since the mass flux in pure continuous phase Poiseuille flow is Q 0 = (2H/3)U 0 = ∆pH 3 /(12Lµ C ), we readily obtain for the effective plug viscosity µ P r :
Eq. (5) informs us that µ P r grows linearly with both the viscosity ratio and the confinement parameter, in agreement with the numerical results shown so far. To check the validity of our prediction in Eq. (5), we plot in Fig. 4 the values of µ P r as a function of the product χξ, for all combinations of (χ, ξ) considered in this Communication, which span the ranges χ ∈ [0.5; 4] and ξ ∈ [11.2; 44.7] . We observe that all points tend to collapse, over a comparatively wide range of parameter values, onto a unique master curve which is well fitted by a single linear relation µ P r = Aξχ, in agreement with Eq. (5), with a prefactor A ≈ 0.92.
Before concluding, let us mention that, for small but finite volume polydispersity (less than 10%), the presented phenomenology is partially preserved. It is seen in Fig. 5 that there is still a steep change in the effective viscosity around a characteristic pressure gradient, but the "plug"-"fluidized" transition is gradually smoothed out with the increase of polydispersity. For example, we can see a metastable state for the 8% polydispersity case (marked by the red arrow), in the sense that the effective viscosity at the specified pressure gradient moves between the "plug" and "fluidized" state periodically. In summary, monodisperse crystalline dense emulsions in a pressure-driven microchannel flow have been investigated numerically, using a new mesoscopic lattice kinetic model. Our study unveils the discrete nature of the effective viscosity of this kind of soft materials under confinement and rationalizes their discontinuous fluidization. We showed, for the first time, that such phenomenology is preserved in large (low confined) systems and even at changing the viscosity ratio between the two phases. Furthermore, we proposed a theoretical argument for the scaling relation of the effective viscosity of the "plug" state with confinement and viscosity ratio, and verified its validity over a wide parameter range. The present work offers new insights to enable the microfluidic design of scaffolds for tissue engineering applications and paves the way to detailed rheological studies of soft-glassy materials. The sequential fluidization of droplet layers described here is reminiscent of similar phenomena in colloidal crystals [51] , which indicates a probably general feature of "granular matter" under shear and thus proposes a very interesting topic for the future work.
